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Properties of infinite sequences of exchangeable random variables result directly in explicit expressions for
calculating asymptotic densities of eigenvalues r`(l) of any ensemble of random matrices H whose distribu-
tion depends only on tr(H†H), where H† is the Hermitian conjugate of H. For real symmetric matrices and for
Hermitian matrices, the densities r`(l) are constructed by summing up Wigner semicircles with varying radii
and weights as confirmed by Monte Carlo simulations. Extensions to more general matrix ensembles are also
considered. @S1063-651X~99!09504-5#
PACS number~s!: 02.50.2r, 05.45.2a, 21.10.2k, 72.80.NgThe ‘‘explosive’’ development of random-matrix theory
~RMT! during the last decade has been covered recently by
Guhr et al. @1#, who emphasize the universal applicability of
RMT to the fluctuation properties on local scales defined by
mean level spacings of quantum ~and of certain classical!
systems. Indeed, RMT is used considerably in various
branches of physics, notably in nuclear physics, quantum
chaology, and for investigating Hamiltonians of disordered
and strongly interacting quantum systems ~@1–7# and refer-
ences therein!. Properties of distributions of eigenvalues, and
to a lesser extent of eigenvectors, of large random matrices
have been thoroughly investigated for various specific and
general random-matrix ensembles ~RME!. Among the three
fundamental Gaussian ensembles ~GE! @1,2#, we mention the
two associated with real symmetric ~GOE! and with Hermit-
ian ~GUE! N3N random matrices HN . They are named af-
ter the orthogonal and unitary transformations that leave the
corresponding ensemble statistically invariant. The number
of distinct real random variables that are necessary to con-
struct each N3N matrix is Np , with Np5N1bNm , Nm
5N(N21)/2 and b51,2 for the GOE and GUE respectively
@1,2#. A random variable whose distribution is Gaussian with
a zero mean and a variance s2 is hereafter denoted as
N(0,s2). The previous Np variables that constitute the ma-
trix elements Hi j are independent N@0,s2(11d i j)/2# vari-
ables. The GOE and GUE probability density function is
then Gb ,s(HN)5Kb ,N exp@2tr(HN2 )/(2s2)# , where tr means
trace. The variance is taken as s25aG
2 /N , aG5const, to
obtain a spectrum independent of N when N!` . In contrast
to the universality of GE local fluctuations around mean val-
ues @1,2#, their asymptotic average density of eigenvalues
rW(l) @Eq. ~1!# is a bound distribution whose shape is un-
realistic for most physical systems @1#. As the GE’s are er-
godic, the empirical distribution function FN(x)
5(number of l<x)/N of every large matrix tends also to a
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rW(l), the classical Wigner semicircle @1–3# ~a252baG2 ,
L5ul2cu!:
rW~l!5~2/pa2!~a22L2!1/2 for L<a ~1!
~and 0 for L.a! whose scale parameter is its ‘‘radius’’ a
and whose centering parameter is c ~c5^tr HN&/N50 for the
GOE and GUE!. However, recent sophisticated develop-
ments, particularly on noncommutative probability theory,
have created significant new results on the algebra of random
matrices and have shed light on the theoretical importance of
the Wigner semicircular distribution @4–7#. Its further sig-
nificance as a reference density for constructing large-N den-
sities r`(l), bound or not, of broad RME classes is dis-
cussed in the present paper.
The set M N(R) @or M N(C)# of matrices with real ~or
complex! entries is an N3N ~or 2N32N!-dimensional vec-
tor space over the field of real numbers R. The norm of a
matrix HN is taken here as iHNi5@ tr(HN† HN)#1/2, where HN†
is the Hermitian conjugate of HN . It gives to M N(R) @or
M N(C)# a structure of Euclidean space. Any d-dimensional
subspace Sd of M N(R) or M N(C), given a basis, is isomor-
phic to the space Rd. Each matrix HN of Sd is thus in a
one-to-one correspondence with a vector X of Rd, denoted
here X5V(HN). The inverse transformation from X to HN
is denoted as HN5M(X). If the basis of Sd is orthonormal,
the usual Euclidean norm of X is equal to iHNi . The dimen-
sion d5Np is imposed by the symmetry of the RME, which
is put in isometric correspondence with Rd. We define Ri j
~or Ci j! to be the matrix having a lone 1 ~or A21! as ~i,j!-
entry and all the others equal to 0. The family of Ri j ~or Ri j
and Ci j! ~1<i , j<N! is a canonical orthonormal basis of
M N(R) @or M N(C)#. The family @$Ri j%,$(Ri j
1R ji)/&%,$(Ci j2C ji)/&%# (1<i, j<N) is, for example,
an orthonormal basis of the Np5N2-dimensional subspace of
Hermitian matrices, and hence the associated X components
are $Hii%, $& Re(Hi j)%, $& Im(Hij)%, (1<i, j<N). The
basis reduces to $(Ci j2C ji)/&# (1<i, j<N) @Np5N(N
21)/2# if the matrices are further antisymmetric. A descrip-
tion of a stacking order is unnecessary here, as we consider6281 ©1999 The American Physical Society
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ponents are Np exchangeable @8#.
The distribution function of X is said to be Np exchange-
able if it remains unchanged by any permutation of the X
components. A k-exchangeable sequence (X1 ,. . . ,Xk) is n
extendible (n.k) if it is such that (X1 ,. . . ,Xk)
5
d
(X18 , . . . ,Xk8) for some n-exchangeable sequence
(X18 , . . . ,Xn8), where 5
d
means that both members have the
same distribution. An infinite sequence of random variables
$Xk%, k51,...,` , is exchangeable if it is n exchangeable for
every finite n. It is a mixture of identically and independently
distributed ~IID! sequences as demonstrated by the de Finet-
ti’s theorem, which is valid in particular in Euclidean spaces
@8–14#. Then, there exists a p-dimensional (p>1) random
variable Y such that the components of X5(X1 ,. . . ,Xn) are
conditionally IID random variables; that is, Prob(X1
<x1 ,. . . ,Xn<xn)5P i51n Prob(Xi<xiuY5y), given Y5y
@11#. Finite versions of the de Finetti theorem further show
how n-exchangeable sequences are close, in terms of a dis-
tance between distributions, to mixtures of IID sequences
@8,9#. For instance, if a k-exchangeable sequence is
n-extendible with n large as compared to k2, the former se-
quence is close to a mixture of IID sequences @8#. We discuss
below some notable RME’s for which the Np-exchangeable
sequences of X components yield, when Np!` , infinite ex-
changeable sequences which are mixtures of known ‘‘refer-
ence’’ sequences R. The properties of some permutation-
invariant distributions are more naturally expressed in terms
of characteristic functions ~c.f.!. The distribution of X is, for
example, called a symmetric (0,a<2) @10,12# and refer-
ences therein# or spherical for a52 @11–14# if its c.f. is
f~t!5^exp~ itX!&5fF t5S (
k51
Np
utkuaD 1/aG ~2!
for all real Np-dimensional vectors t. We denote by FNp(a)
the class of such c.f. For aÞ2, the representation of func-
tions whose c.f. are given by Eq. ~2! is solely known for a
51 @10,12#. For the spherical case, the density of X depends
only on iXi whatever Np , as its c.f. depends only on the
modulus t of t and conversely @13#. The density of HN
5M(X) if it exists is consequently f tr(HN† HN). By exten-
sion, the latter RME’s will be named ‘‘spherical’’ hereafter.
For the spherical case, f(t) is given by Eq. ~2! if and only if
it is represented by @12,13#
f~ t !5E
0
`
VNp~rt !dPNp~r ! ~3!
for some distribution PNp(r) which is assumed to have no
mass at zero, where VNp(t) is the c.f. of a vector U which is
uniformly distributed on the surface of the unit sphere in RNp
@12,13#, VNp(t)5G(Np/2)(2/t)
mJm(t), m5(Np22)/2 and
Jm is a Bessel function. An expression similar to Eq. ~3!
which involves a c.f. different from VNp(t) is also known for
a51 @12#. As proven by Bretagnolle et al. ~see @12#!, Eq. ~2!
admits the representationf~ t !5E
0
`
exp~2rta!dF~r ! ~4!
for f~t! belonging to the class F`(a). Equation ~4! yields
the asymptotic distribution of a-symmetric X as a mixture,
defined by the distribution F(r), of reference vectors R
whose c.f. is exp(2rta). The components of R are then IID
according to a Le´vy stable distribution, which is N(0,2r) for
a52 @8,10–14#. The distribution of a finite k-exchangeable
spherical sequence which is n extendible (n@k) is also well
approximated by a mixture of normal distributions @8,9#.
From the distributions of X and R, we deduce that any
a-symmetric RME is asymptotically a mixture of random
Le´vy matrices of the same symmetry with independent dis-
tinct entries ~see @15# for a study of real-symmetric Le´vy
RME’s!. In particular, any spherical RME is asymptotically
a mixture of Gaussian ensembles with the same symmetry.
Such spherical RME’s are thus not ergodic, as every large-N
extendible random matrix HN is a Gaussian matrix. The uni-
versality of the spectral fluctuations of such HN’s is thus a
straightforward consequence of that of the reference GE’s.
For orthogonal ~b51, real-symmetric matrices! or unitary
(b52, Hermitian matrices! extendible spherical RME’s, the
density of HN which results from Eq. ~4! for large N is thus
written as
Pb~HN!5Kb ,N f @ tr~HN2 !#5E
0
`
Gb ,s~HN!dW~s! ~5!
for some distribution W(s). The elements of HN are then
asymptotically independent under the prior condition that s
has a given value s0 . The reference GE’s are the only
spherical RME’s with independent matrix elements.
For orthogonal and unitary spherical RME’s, extendible
or not, we deduce from Eqs. ~3! and ~4! that the ensemble-
averaged asymptotic density is r`(l)5limN!`@rN(l)# ,
where rN(l) is a mixture of runif(l), the eigenvalue density
of a ‘‘uniform’’ orthogonal or unitary RME UN5M(U) @see
below Eq. ~3!#, for which tr(UN2 ) is constant. The asymptotic
eigenvalue density runif(l) is indeed rW(l) from numerical
simulations and exact calculations @16#. The latter indicate
that runif(l) is actually very well approximated by rW(l) for
N as small as 50. For large N, the GOE and GUE tend in fact
to fixed-trace ensembles as z5tr(HN2 )/s2 has a x-square dis-
tribution with Np degrees of freedom which results in ^(z
2^z&)2&1/2/^z&aN21. The asymptotic density is finally
r`~l!5 lim
N!`
E
ulu
`
gNr
~Np23 ! f ~Nr2/4!~r22l2!1/2 dr , ~6!
with
wN5E
0
`
r ~Np21 ! f ~r2!dr , gN5N ~Np/2!/~2 ~Np21 !pwN!,
where f tr(HN† HN) is the density defined in Eq. ~5!. More
generally, the asymptotic density @Eq. ~6!# can be rewritten
as
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l2
`
~u2l2!1/2u21 dF~u ! ~7!
for all spherical RME’s whose reference density is a Wigner
semicircle. Calculation of r`(l) for spherical ensembles of
all kinds of symmetries either with real or with complex
eigenvalues might similarly be performed from Eq. ~4! @16#.
We describe below the example of orthogonal ~CLOE! and
of unitary ~CLUE! Cauchy-Lorentz ensembles, whose asso-
ciated V(HN) are distributed according to a spherical
Cauchy distribution @10#, with a c.f. f(t)5exp
(2g @Sk51
Np tk
2#1/2):
Pb~HN!5
Kb ,N
@11tr~HN
2 !/g2#~Np11 !/2
. ~8!
With g25aC
2 /N , (aC5const), Eq. ~6! yields
rb ,`~l!5CF12E
0
p/2
cos~u!exp~2baC
2 cos2~u!/l2!duG ,
~9!
with C52p23/2b21/2aC
21
. For small l, distribution ~9! has a
parabolic variation and is flatter than a Lorentz line whose
maximum density is chosen as C. It decreases as l22 as l
!6` and has diverging moments. The CLOE density be-
haves for small and large l in the same way as the density of
the real-symmetric Le´vy ensemble with independent Cauchy
entries @15#. Asymptotic eigenvalue densities independent of
N are, however, reached for different N dependences of the
scaling factor which varies as N21/2 for the CLOE @g, Eq.
~8!#, as it does for the GOE @s, Eq. ~5!#, and as N21 for the
Le´vy ensemble @15#. Monte Carlo simulations ~Fig. 1! were
performed for the CLOE from the stochastic representation,
HN5
d
rUN , where 1/r is the absolute value of a normal vari-
able with zero mean @10# which is independent of UN
5M(U). The vector U is obtained from U5
d
G/iGi , where
G is a Gaussian vector with IID components. Equation ~9! is
easily generalized to orthogonal or unitary Student’s @10#
RME’s for which the exponent of the Cauchy distribution
FIG. 1. Comparison of the binned distributions r(l)
5(average number of eigenvalues in @l2Dl/2,l1Dl/2#)/(NDl)
with the binned theoretical distribution calculated from Eq. ~9! ~d!
for the CLOE; r~l! is calculated from Monte Carlo simulations
with Dl50.04, 43105 matrices and N550(x), N5100(1).(Np11)/2 @Eq. ~8!# is replaced by (Np1m)/2, where m is an
integer (m.1). When m increases, their asymptotic densi-
ties evolve progressively to the Wigner semicircle @16# as
moments of order k are finite for k,m
~r`(l) varies as ulu2(m11) when l!6`!. Simulations @16#
of the large-N density of real eigenvalues of antisymmetric
Hermitian Cauchy spherical ensembles confirm that r`(l) is
a sum of asymptotic eigenvalue densities of antisymmetric
Hermitian GE with varying radii. The latter densities are
modified Wigner semicircles that differ a little from rW(l)
in the central region @2#. The simulated radial density of
complex eigenvalues agrees similarly with the theoretical
density deduced from Eq. ~4! for asymmetric Cauchy spheri-
cal matrices with complex elements @Np52N2# @16#.
The large-N eigenvalue distribution of the sum of inde-
pendent matrices can be deduced from the law of addition
for Blue’s functions, the functional inverses of the Green’s
functions, for Hermitian RME’s or of generalized Blue’s
functions for non-Hermitian RME’s @6,7#. For independent
spherical matrices of the same symmetry, it is simply shown,
using c.f., that they are built from the sum of reference den-
sities using the appropriate scale factors and weights. The
large-N density of the sum of two orthogonal or unitary
spherical matrices HN5H1N1H2N is thus obtained from Eq.
~7! where the distribution F(u) of the square of the radius
u5u11u2 is calculated from the known distributions of the
radius squares u1 and u2 . The large-N density of the sum of
two independent matrices, one from the GOE with a degen-
erate distribution, u152aG
2 @see above Eq. ~1!#, and one
from the CLOE with a density f 2(u2)5aCp21/2u223/2 exp
(2aC2 /u2) (u2.0) is, for example,
r~l!5CE
max~l2,2aG
2
!
`
S~u !23/2~u2l2!1/2
3exp@2aC
2 /S~u !#u21 du , ~10!
where C52aCp23/2, S(u)5u22aG2 . For computer calcu-
lations of Eq. ~10! ~Fig. 2!, we use the fact that S21/2 is
distributed as the absolute value of N@0,1/(2aC2 )# .
Equations ~6! and ~7! and their generalizations may ap-
pear as intuitively obvious for RME’s whose density is
FIG. 2. Comparison of Monte Carlo distributions r~l! @see leg-
end of Fig. 1, Dl50.04, 23105 matrices N5100(1)# with the
binned theoretical distributions calculated from Eq. ~10! ~solid
lines! for the sum of independent CLOE and GOE matrices.
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the advantage of providing rigorous proofs and thus a deeper
characterization of such ensembles. Further, exchangeability
has consequences which are much far-reaching than those
just discussed. First, the orthonormal bases which have been
selected in the present paper are adapted to RME’s whose
distributions depend on tr(HN† HN). For some other RME’s,
profit can be taken from the freedom in the basis choice to
define new random vectors Y, whose components are linear
combinations of the previous X components, so that they are
still exchangeable or even a symmetric. In the asymptotic
limit, the de Finetti theorem applied to such Y yields in turn
initial RME’s as mixtures of RME’s whose entries are linear
combinations of IID variables. A simple example is a RME
HN whose distribution depends on a quadratic form in the
elements of HN , which reduces to XTAX when expressed in
terms of X, where A is a symmetric Np3Np positive definite
matrix. Defining Y5A1/2X @17#, the distribution of Y is
spherical and thus the large N distribution of extendible HN
is a mixture of RME’s whose entries are linear combinations
of IID Gaussian variables and may thus be correlated.
Second, the ensembles which are mixed in the de Finetti
theorem are not reduced to the sole Gaussian ensembles. For
instance, the two-parameter Wigner semicircle is obtained as
a limiting distribution for broad conditions on random matri-
ces @2,3# or even on matrices with fixed entries @18#. Every
RME, which is asymptotically a mixture of RME’s with IID
entries whose eigenvalue densities are rW(l) @Eq. ~1!#, has
thus a large-N density that is obtained by summing up semi-
circles with varying square radii u and centering parameters
c. The weight of a semicircle ~u,c! is given by the bivariate
distribution of u and c.
Third, analogs of de Finetti theorems have also been de-
rived for two-dimensional exchangeable arrays and for sto-
chastic processes @8,19#. Further extensions to real-
symmetric RME’s, more general than the spherical RME’s
discussed above, result in fact from a theorem of Kallenberg
@19# on infinite random jointly rotatable 2D arrays. Let
H:(Hi j)i , j>1 be such an array and for each N, consider the
subarray (Hi j), ~1<i , j<N! as an N3N matrix HN . H is
jointly rotatable if for each N, HN5
d
ONHNON
T for all or-
thogonal N3N matrices. Kallenberg has proven that an in-
finite array H is jointly rotatable if and only if it has the
following stochastic representation:
Hi j5
d
vd i j1t~gi j1g ji!1 (
k51
`
mk~mikm jk2d i j!, ~11!
where all symbols, except d i j , denote random variables.
Latin symbols stand for IID N(0,1) variables while Greeksymbols represent arbitrary random variables independent of
the Latin variables. Further, the mk’s satisfy (k51
` mk
2,`
@19#. To interpret the various contributions in Eq. ~11!, we
fix first the values of Greek random variables. The d i j terms
in Eq. ~11! are then seen to produce a global shift c of the
eigenvalues of the matrix whose elements are given by the
sum of the remaining terms. The term t(gi j1g ji) is readily
noticed to be an element of a GOE matrix, N@0,2t2(1
1d i j)# . Although different, the matrix associated with the
first part of the last sum is reminiscent of random matrices of
Marcenko-Pastur ensembles and of some recent extensions
of them @20,21#. If the latter matrix belongs to an ergodic
RME and if its spectral density is also a Wigner semicircle
~see @20,21# for some examples!, as it is for the GOE, then
the total matrix has a semicircular density, as deduced for
instance from Blue’s functions @6,7#. However, the latter
semicircle is a priori shifted. Letting now the Greek vari-
ables vary, we deduce that the asymptotic density of states of
the considered ensembles is again given by the sum of
shifted Wigner semicircles of varying radii. There are, how-
ever, general RME’s represented by Eq. ~11! whose
asymptotic densities do not reduce to such sums. The defini-
tion of a criterion to determine beforehand if it is the case or
not for a given RME is hence desirable.
The present work yields additionally a simple numerical
method of calculation of asymptotic densities in the numer-
ous cases where the latter are built from shifted Wigner
semicircles and where closed form formulae cannot be de-
rived. The numerical calculation of r`(l) may be performed
for huge matrices HN as no storage of matrix elements is
required to get the characteristics a and c @c5tr(HN)/N and
a52tr(HN2)/N2c21/2# of the semicircle associated with a
given HN . We notice further that properties of distributions
of quadratic forms @17,22#, here tr(HN2 ), may be helpful to
check such numerical results and for theoretical @Eq. ~11!#
purposes. Similar numerical methods may be applied to ma-
trices with complex eigenvalues @16#.
To conclude, the present paper points out the significance
of the concept of exchangeability in RMT which reinforces
amongs others the importance of the classical Gaussian en-
sembles. The problems of the extension of the Kallenberg
representation to Hermitian matrices and of its explicit con-
struction for RME’s which are relevant in physics are finally
raised.
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